Equations of the magnetization dynamics are derived for an arbitrary curved 2D surface. General static solutions are obtained in the limit of a strong anisotropy of both signs (easy-surface and easy-normal cases). It is shown that the effect of the curvature can be treated as appearance of an effective magnetic field which is aligned along the surface normal for the case of easy-surface anisotropy and it is tangential to the surface for the case of easy-normal anisotropy. In general, the existence of such a field denies the solutions strictly tangential as well as strictly normal to the surface. As an example we consider static equilibrium solutions and linear dynamics for a cone surface magnetization.
Recent advances in microstructuring technology have made it possible to fabricate various low-dimensional systems with complicated geometry. Examples are cylindrical high-mobility two-dimensional (2D) electron structures obtained by rolling-up mismatched semiconductor layers [1] , flexible electronic devices [2] and integrated circuits [3] , spin-wave interference in rolled-up ferromagnetic microtubes [4] , magnetically capped rolledup nanomembranes [5] etc. After the seminal work of da Costa [6] where an effective Schrödinger equation for the tangential motion of a particle rigidly bounded to a surface was derived and the presence of effective surface potentials depending both on the Gaussian and mean curvatures was shown, much work has been done elucidating curvature effects in charge and energy transport and localization in systems with complicated geometry [7] . The behavior of vector and tensor fields on curved surfaces has attracted attention of many researchers (see e. g. review papers [8, 9] ). However, despite much work has been done it is not fully understood. One of the reasons for this is a complicate and intimate relation between two geometries: the geometry of the field (director in liquid crystalline phases, magnetization vector in ferromagnets, displacement vector in crystalline monolayer, etc) and the geometry of the underlying substrate. Until now researchers in this area were mostly concerned with the case when the vector field is strictly tangential to the curved surface, i. e. 2D vector fields. This approach showed its validity and robustness in understanding crystalline arrangements of particles interacting on a curved surface [8, 10, 11] , in studying geometric interaction between defects and curvature in thin layers of superfluids, superconductors, and liquid crystals deposited on curved surfaces [12] and frustrated nematic order in spherical geometries [13] . However, the tangentiality condition may be too restrictive for magnetic systems with their different types and strength of surface anisotropy (in/out of surface). Moreover, in the frame 2D vector field approach it is impossible to study the dynamical properties of magnets on curved surfaces.
The goal of this Letter is to develop a full three dimensional (3D) approach to the static and dynamic properties of thin magnetic shells of arbitrary shape. We base our study on the classical Landau-Lifshitz equationṁ = [m × δE/δm], where m = M /M s is normalized magnetization unit vector with M s being the saturation magnetization, E = E/(4πM 2 s ) is normalized energy, the overdot indicates the derivative with respect to rescaled time in units of (4πγM s ) −1 , γ is gyromagnetic ratio. Since the dynamics of the vector m is precessional one, the energy functional E must be written for the case of general, not necessary tangential magnetization distribution. Note, in case of static tangential distribution of the director in a curvilinear nematic shell the general expression for the surface energy was recently obtained in Refs. [14, 15] . The expressions for E for an arbitrary three dimensional magnetization distribution was already obtained only for cylindrical [16, 17] and spherical [18] geometries. Here we propose a general approach which can be used for an arbitrary curvilinear surface and an arbitrary magnetization vector field. However we neglect dipole-dipole interaction and take into account only exchange and anisotropy contributions. The last one can have a symmetry of the surface, e.g. it can be uniaxial with the axis oriented along the surface normal.
First of all we define a set of geometrical parameters of a curvilinear surface which will affect on the physical properties of the magnetic system. Considering a 2D surface S embedded in 3D space R 3 , we use its parametric representation of general form r = r(ξ 1 , ξ 2 ), where r = x ixi is the 3D position vector defined in Cartesian basisx i ∈ {x,ŷ,ẑ}, and ξ α are local curvilinear coordinates on the surface. Here and below Latin indices i, j = 1, 2, 3 describe Cartesian coordinates and Cartesian components of vector fields, whereas Greek indices α, β = 1, 2 numerate curvilinear coordinates and curvilinear components of vector fields. We also use here the Einstein summation convention.
Let us introduce the local normalized curvilinear basis e α = g α /|g α |, n = [e 1 × e 2 ], where g α = ∂ α r with ∂ α = ∂/∂ξ α . All the following analysis is made under an assumption that the basis is orthogonal one or, equiva-lently, that the metric tensor g αβ = g α · g β is diagonal one. In other words, we choose the parametric definition of the given surface S in a form which provides orthogonality of the basis. For purpose of convenience of the further discussion we introduce vector of the spin connection α = (e 1 · ∂ α e 2 ), the second fundamental form b αβ = n · ∂ β g α , and matrix ||h αβ || = ||b αβ / √ g αα g ββ || which has the properties of the Hessian matrix: the Gauss curvature K = det(h αβ ), the mean curvature H = Tr(h αβ )/2. It is instructive to emphasize that g 12 = g 21 = 0 due to the orthogonality of the local basis and b 12 = b 21 as well as h 12 = h 21 by the definition. Physically realizable magnetic nanomembranes are of finite thickness L. We model such a nanomembrane as a thin shell with L R with R being the minimal curvature radius of the surface S. Then the space domain filled by the shell can be parameterized as r(
The main assumption is that the thickness L is small enough to ensure the magnetization uniformity along direction of the normal, i.e. we assume that m = m(ξ 1 , ξ 2 ). This assumption is appropriate for the cases when the thickness is much smaller than the characteristic magnetic length. Similarly to [14, 15] , we derive an effective 2D magnetic energy of the shell as a limiting case L → 0 of the 3D model and considering only linear with respect to the thickness L contributions to the magnetic energy. Finally we consider the surface magnetic energy in form
where the integration is over the surface S with the surface element dS = √ gdξ 1 dξ 2 where g = det(g αβ ).
The second term in the integrand is the density of the anisotropy energy, it is of easy-surface or easy-normal type for cases λ > 0 and λ < 0 respectively, here λ is the normalized anisotropy coefficient. The exchange energy density is presented by the first term, where = A/(4πM 2 s ) is the exchange length and A is the exchange constant.
In a Cartesian frame of reference an exchange energy density E ex = (∇m i )(∇m i ). The Cartesian components of the magnetization vector m i are expressed in terms of the curvilinear components m α and m n as follows m i = m α (e α ·x i ) + m n (n ·x i ). Then we substitute this expression into E ex and apply the gradient operator in its curvilinear form ∇ ≡ (g αα ) −1/2 e α ∂ α . Everywhere in the text below the ∇-operator is used in its curvilinear sense. To incorporate the constrain |m| = 1, we also use the angular parametrization m = sin θ cos φ e 1 + sin θ sin φ e 2 + cos θ n,
where θ = θ(ξ 1 , ξ 2 ) is the colatitude and φ = φ(ξ 1 , ξ 2 ) is the azimuthal angle in the local frame of reference.
Finally, in terms of θ and φ the exchange energy density E ex reads
Here the vector Ω = 1 / √ g 11 , 2 / √ g 22 is a modified spin connection and vector Γ is determined as follows
where τ (φ) = cos φe 1 + sin φe 2 and the angle υ is given
Using the energy expression (3) one can analyze general static solutions for the case of a strong anisotropy. Let us first consider the case of easy-surface anisotropy (λ > 0) and let the anisotropy be strong enough to provide a quasitangential magnetization distribution, in other words θ = π/2 + ϑ with ϑ 1. Then the total energy (1) can be expressed as
where E t is the energy density of a strictly tangential distribution (θ ≡ π/2 or equivalently m n ≡ 0), and F t can be treated as amplitude of a curvature induced effective magnetic field oriented along the normal vector n.
Minimization of the energy functional (5) results in
where the equilibrium function φ is obtained as a solution of the equation δE t /δφ = 0. Accordingly to (6) the strictly tangential solution is realized only for a specific case F t (φ) ≡ 0. The expression analogous to E t was recently obtained in Refs. [14, 15] for the case of curvilinear nematic shells with purely tangential distribution of the director. However, as follows from (6) the purely tangential solutions are not possible in general case.
For the opposite case of the strong easy-normal anisotropy (λ < 0) one has two possibilities, namely θ = ϑ or θ = π − ϑ with ϑ 1. In the first case the total energy (1) can be written as
where F n = (∇·h)·τ +Ω h is tensor generalization of the divergence. Minimization of the energy functional (7) leads to the solution
There are two equilibrium values of the azimuthal angle: φ and φ + π. One should choose that solution which provides ϑ > 0. Similarly to the previous case a solution strictly normal to the surface is realized only for the specific case F n ≡ 0. For spherical and cylindrical surfaces this condition is satisfied.
As the first example of application of our theory we find possible equilibrium states of cone shells with high anisotropies of different types. We consider here side surface of a right circular truncated cone. Radius of the truncation face is R and length of the cone generatrix is w. Varying the generatrix inclination angle 0 ≤ ψ ≤ π/2 one can continuously proceed from planar ring (ψ = 0) to the cylinder surface (ψ = π/2), see Fig. 1 .
We chose the following parametrization of the cone surface
where the curvilinear coordinates χ ∈ [0, 2π) and r ∈ [0, w] play roles of ξ 1 and ξ 2 respectivelly. Definition (9) generates the following geometrical properties of the surface: the metric tensor g αβ = diag(g; 1), the modified spin connection Ω = e χ cos ψ/ √ g, the second fundamental form b αβ = diag(− sin ψ √ g; 0), and the matrix
, where √ g = R + r cos ψ.
In accordance to the definition (4) one obtains Γ = −e χ sin ψ cos φ/ √ g.
Let us start with the easy-surface case. The solution will consist of two steps: (i) first, by minimizing the energy E t we obtain the main tangential distribution φ, and (ii) using the obtained solution we calculate corrections for the out-of-surface component (6) . For the cone surface (9) the energy E t can be written as follows
Accordingly to (10), one should conclude that φ = φ(χ) for reasons of the energy minimization. The variation of the total energy (1) with the density (10) results in the pendulum equation
The Eq. (11) has a solution
where am(x, k) is Jacobi amplitude [19] and the modulus k is determined by condition
with K(k) being the complete elliptic integral of the first kind [19] . The obtained magnetization state is analogous to well known onion-sate with transverse domain walls [20] , so we use this name for the solution (12) . It should be noted that in the planar limit ψ → 0 the onion solution (12) is reduced to φ on = χ, that corresponds to uniform magnetization distribution in the Cartesian frame of reference, see Fig. 1b . The solution (12) which corresponds to ψ = π/4 is shown in the Fig. 1c .
To obtain energy of the onion state we substitute the solution (12) to (10) and perform the integration over the cone surface in (1). Finally one can write the onion-state energy as E on = E 0 (ψ)W on , where
with E 0 (ψ) = 2πL 2 ln(1 + wR −1 cos ψ)/ cos ψ, and E(k) being the complete elliptic integral of the second kind [19] . In (13) the function k = k(ψ) is implicitly defined by (12b). The dependence of energy (13) on the generatrix inclination angle ψ is plotted in the Fig. 2a by the thick line.
On the other hand, the equation (11) energy E ax = E 0 (ψ)W ax with W ax = cos 2 ψ. Equality of the energies W on (ψ) = W ax (ψ) determines some critical angle ψ c ≈ 0.8741 ≈ 5π/18 which separates onion (ψ < ψ c ) and axial (ψ > ψ c ) phases, see Fig.2a .
The obtained evolution of the equilibrium states with the curvature changing (increasing of ψ) is an example of a general feature and it can be explained quantitatively as follows. The equilibrium function φ which minimizes the energy E t appears as a result of competition of three effective interactions: the "standard" exchange E t 0 = (∇φ) 2 , the effective anisotropy E t A = Γ 2 , and effective Dzyaloshinskii-like [21] 
−1 cos ψ∂ χ φ. The anisotropy term E t A dominates for case close to the cylinder (ψ → π/2) and it prefers the axial solution φ = ±π/2. On the other hand, the Dzyaloshinskii-like term E t D dominates for quasiplanar case ψ → 0 and it prefers the solution φ ≈ χ. That agrees with the obtained previously behavior.
It should be noted that appearance of the curvature induced Dzyaloshinskii-like term can explain the observed polarity [22, 23] and chirality [24] symmetry breaking for magnetic vortices caused by the surface roughness. Now we estimate the small deviations (6) from the obtained tangential solutions originated from the curvature induced effective field F t directed along the normal. For a cone surface F t = sin ψ sin φ(2∂ χ φ − cos ψ)/g, and therefore one obtains the following values of the normal com-
for the onion (12) and axial φ ax = ±π/2 solutions respectively. Here the normalizing coefficient m c n = 2 /(R 2 λ) determines the order of magnitude of the effect, sn(x, k) and dn(x, k) are Jacobian elliptic functions [19] . The normal components (14) are shown by the color gradient in the Fig. 1c and Fig. 2b for cases of onion and axial solutions respectively. It is interesting to note that m n decreases with the distance to the cone vertex and it vanishes in the planar limit ψ → 0.
The case of strong easy-normal anisotropy is much more trivial, the magnetization is oriented along the normal vector (inward or outward the cone surface) up to the small deviations originated from the curvature induced effective magnetic field F n tangential to the surface. The resulting solution (8) can be written as ϑ = 2 sin 2ψ/(|λ|g) and φ = ±π/2, where the signs "+" and "-" correspond to inward and outward magnetization orientation respectively. It is interesting to note that for the cylinder surface (ψ = π/2) the deviation from the normal distribution vanishes.
As the second example let us consider linear excitations against the obtained equilibrium easy-surface states. Dynamics of a high-anisotropy easy surface shell can be studied using the equation
which follows from the Landau-Lifshitz equation and (5) under the condition λ 2 /R 2 . For the cone surface (9) the dynamic equation (15) 
where ρ = 1 + r R cos ψ and x is defined in (12a). By separating variables one can find that the angular part X(x) satisfies the Lamé equation [19] 
The periodic solution of (17b) which corresponds to the lowest eigenvalue h = k 2 [19] coincides (up to the constant) with the following Lamé function X(x) = Let us analyze now the spin waves on the background of the axial state φ ax = ±π/2. Similar to (17) one can find that
where the radial function P(ρ) = C 1 J ν (qρ) + C 2 N ν (qρ), with ν = sin 2 ψ + µ 2 / cos ψ. The boundary conditions (17c) lead to the equation J ν (q)N ν (qρ 0 ) = J ν (qρ 0 )N ν (q) which determines the eigenfrequencies. Its numerical solutions for the lowest mode µ = 0 are plotted in the Fig. 3 for the case ψ > ψ c . As well as in the previous case, the lowest frequency becomes arbitrary small with the cone size increasing. Nevertheless it is not so for the cylinder surface where the lowest frequency is fixed and it is equal to ω c . The case of cylinder (ψ = π/2) should be considered separately starting from the Eq. (16), whose linear solution against the axial state has the form φ = ±π/2 + Ce i(ωt+µχ+κr) with κ being the wave vector along cylinder axis. The corresponding dispersion relation reads ω = ω c 1 + µ 2 + R 2 κ 2 . Existence of a gap in spectrum of the cylindrical magnetic shell was already predicted theoretically [17] and checked by numerical simulations [25] .
In summary we dare to make some remarks about possible perspectives of development of the curvilinear magnetism area. On the one hand, new effects which occur due to the curvature are expected to be of order of magnitude /R. Since the typical values are 10 nm and R > 10 2 nm the curvature effects are expected to be small. Nevertheless we can formulate several perspective directions in the studying of the curvilinear nanomagnets: (i) Topological effects. Equilibrium states of a curvilinear shell with high easy-surface (or easy normal) anisotropy are determined by topological properties of the surface, e.g. vortices on a spherical shell appears as a result of the hairy ball theorem [26] . (ii) Nonlocal effects. Being of small magnitude some curvilinear effects can be spatially nonlocal, e.g. the deformation of the insurface structure of a vortex on spherical shell [18] . Such nonlocal magnetization deformations can modify the interaction between nonlocalized magnetization structures (e.g. vortices or antivortices). (iii) Chiral effects. The curvature can remove the chirality degeneration, which is typical for planar systems, e.g. chirality-polarity coupling on a spherical shell [18] , or breaking of chirality symmetry in vortex domain wall on a cylindrical tube [27] [28] [29] .
In this regard, we believe that the proposed general expression for the exchange energy (3) for an arbitrary curvilinear surface opens a new direction of the theoretical study of the curvilinear magnetic nanoshells.
